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" ' ' Abstract. Let E be an elliptic curve over Q with good supersingular reduction at a prime p > 3 and ap = 0. 

, We generalise the definition of Kobayashi's plus/minus Selmer groups over Q(/ipoo ) to p-adic Lie extensions 

' Kao of Q containing Q{fJ,p<x>), using the theory of (<^, r)-modules and Berger's comparison isomorphisms. 

> I 1 Wc show that these Selmer groups can be equally described using the "jumping conditions" of Kobayashi 

C^h' via the theory of overconvergent power scries. Moreover, we show that such an approach gives the usual 

i Selmer groups in the ordinary case. 
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1. Introduction 

Let E be an elliptic curve defined over Q with good supersingular reduction at a prime p > 3 and 
flp = 0. Kobayashi [Koh03] constructed two A-cotorsion Selmer groups ScV {E /Q{ii^)), i= 1,2 (denoted by 
Se\^ {E /Q{^^)) in op.cit.) by modifying the local condition at p in the definition of the usual Selmer group. 
In this paper, we propose an analogous definition of signed Selmer groups SeV'{E/Koo) of E over Koo for 
i = 1,2, where K^c is a p-adic Lie extension over Q which contains Q(/Xpoo). 

The main idea of our construction is the use of Berger's comparison isomorphism in [Ber02]. Let us first 
recall the description of the signed Selmer groups SeF {E/ Q (^p~ ) ) in terms of p-adic Hodge theory as given in 
[LLZIO]. Let V ~ Qp^T where T = TpE is the Tate module of E at p, then y is a crystalline representation 
of the absolute Galois group of Qp. Wc write N{T) for the Wach module of T (c.f. [Ber03, Wac96]). 
Then a result of Fontaine/Berger states that we have a canonical isomorphism H^^{Qp,T) = N{T)'^^^ (we 
will identify these two objects throughout the paper). Let n"^ be the canonical basis of N(T) as constructed 
in the appendix of op.cit., and let be the induced basis of Deris (V^)- Via Berger's comparison isomorphism, 
any element x G N(T)'''=^ can be expressed in the form x = xiv^ + X2V^ where Xi € ®rig Qp ^^"^ i = 1,2. 
Define 

HUQp.tY = {xe N{T)^=' I ^(.T,;) = -p^Pix,)} , 

and let iJ^(Qp(/ipn), T)* be the image of Hl^{Qp,Ty under the natural projection map H^^{Qp,T) 
H^{Qpi^J■P"),T). Define Hj^^{Qp{np^), Ep^) to be the exact annihilator of H^{Qp{tJ.p^),Ty under the Tate 
pairing. One then defines SeV {E / Q{iipn)) by replacing the usual local condition Hj{Qp{iipn), Epa^) at the 
unique prime of Q(/Xpn) above p by Hj j((Qp(/Xpn), Ep-^). 

If F is an arbitrary finite extension of Qp, then H^^{F,T) is canonically isomorphic to 3p{T)^^'^ , where 
Di?(T) denotes the ((^, r)-module of T over the base field Ap. Moreover, every element x e Di?(r) can be 
uniquely written as x = Xiv^ + X2V~ with x,; e ^lig f- therefore seems natural to make the following 
definition: for i = 1,2, let 

Hl{F,TY = {xe I}p{Tf=^ I ^(x,;) = -p4'{x,)] . 

One can the repeat the above construction to define 'new' local conditions Hj ^{F{^pn), Epo^ ) for i = 1,2. 
If K is a finite extension of Q, this allows us to define signed Selmer groups SeV {E / K {flp7^)) for i = 1,2 and 
for all n > 0. By passing to the direct limit over n, we obtain the Selmer groups ^^^{E/Koo). The details 
of this construction is given in Section 3.1. 

When E has good ordinary reduction at p, we have defined Ser(i?/Q(/Xpoo)) for i = 1,2 in [LLZIO] in 
the same way as the good supersingular case. To justify the proposed definition of signed Selmer groups 
over Koo, we show in Section 3.2 that on extending our construction to the good ordinary case, '&c\^{E/ Kao) 
again agrees with the usual Selmer group Sel(-B//ioo) for any finite extension K of Q. 

In Section 4, we give a more explicit description of the local conditions we use to define the signed Selmer 
groups in the supersingular case. If F is a finite extension of Qp, we write F„ = F{npr^). We define for a 
large integer N , which depends on F , 

En{Of„ ):=[xC E{OfJ : Ti>„/f„. x G E{Of^_,)) for aU m e S^^ ^, and Trp^/p^ x = oj , 
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where 

Sn,1' = {"i e [N + l,n] : m even}; 
Sn,2' = {m e [iV + 1, n] : m odd}. 

We show that if we define Sel^^ {E / Kn) by replacing the local conditions at places above p in the definition 
of Scl{E / K„) by these "jumping conditions", then for i — 1,2 we have isomorphisms 

on taking direct limits. 

In Section 5, we extend the definition of signed Selmer groups to p-adic Lie extensions and formulate a 
9Jt_f/(G)-conjecture, analogous to the one for the good ordinary case in [C'FK+05]. Finally, we will explain 
some of the difficulties we encountered when attempting to extract information on the conjecture in Section 6. 

Acknowledgements. We would like to thank John Coatcs and David Locfflcr for their interest, and the 
latter for many helpful comments. Part of this paper was written while the authors were visiting the 
University of Warwick; they would like to thank the number theory group for their hospitality. 

2. Notation and background 

Let F be a finite extension of Qp. Write Re'p^^{GF) (resp. RepQ^(^F)) for the category of finitely 
generated Zp-modules (resp. finite-dimensional Qp-vector spaces) with a continuous action of Qp. 

For an integer n > 1, we write Qp,n = Qp(A'p'»), Qp,oo = lhnQp,n and F = Gal(Qp,oo/Qp)- More generally, 
if F is a finite extension of Qp, we write F„ = F(^pTi), Frx, = limF„, Hp ~ Gal(Qp/Foo) and Tp ~ Gb1{Foc/ 
F). For T G Kcpi^{Gp), define Hl^{F,T) = lim H^{Fn,T) where the connecting maps are corestrictions 
cor„/„ : i/i(F„,T)% H^F„,,T) for n>m.UVe Rcp^^iGp), let HlJF, V) = HliF,T)®z,Qp, where T 
is a C/i?-invariant lattice of V. If G is a compact p-adic Lie group, we write A(G) = Zp[[G]] for its completed 
group ring over Zp. 

For a finite set S of primes of Q, let Fs denote the maximal algebraic extension of Q unramificd outside 
S. For an extension K of Q contained in Fs, we write Gs{K) — Gal{Fs / K). 

2.1. Rings of periods. Let Qp be an algebraic closure of Qp, and write Cp for its p-adic completion. Let 
Ocp be its ring of integers. Define 

E= fim Cp= | (x^'+i))'' = x«} , 

and let E+ = |a; e E | x^*^^ G ^Cp|- If a; = (x'*-*) and y = y''^ are elements of E, define their sum and 
product by 

{xyY''> = x^'^y^'^ 
(a; + y)('''= lim {x^'+'''^ + y'^'+'^A^ ■ 

Under these operations, E is an algebraically closed field of characteristic p. Note that by construction E is 
equipped with a continuous action of ^q^. Define a valuation on E by Wf (x) ~ Up(x''*''). Let e ~ (e'*') be a 
fixed element of E such that e'"' = 1 and e'^^ ^ 1, and let tt = e — 1. Let Eq^ = Fp((7f)), and define E to 
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be a separable closure of Eq^ in E. Then E is equipped with a continuous action of Qq^ , and one can show 
that E^'J'p = Eq^. 

Let A = W{E) be the ring of Witt vectors of E and 



lfc>-oo J 

where [x] denotes the Teichmiiller lift of 2; G E. By construction, both rings are equipped with continuous 
semi-linear actions of a Frobenius operator ip and Gq^,- Let tt = [e] — 1 and q ~ ipl?:)/?:, and define Aq^ 
to be the completion of Zp[[7r]] [tt^^] in the p-adic topology. Then Aq^^ is closed under the actions of and 
t/Qp , and moreover the action of Gq^ factors through Fq^ . Let B be the p-adic completion of the maximal 
unramified extension of Bq^ = Aq^[p~^] in B, and let A = B n A. These rings are stable under the actions 
of (fi and Gqp- For a finite extension F of Qp, put Ap = A^^. If Foo is Galois over Qp, then Ap is equipped 
with a continuous action of Gf which commutes with ip. 

For a p-adic representation T G RePz^C^Qj,) (resp. V G RePQp(^Qp)), define Bp{T) = {A T)^^ 
(resp. Bp{V) = (1 (gjQ^ V)""). Then ]Dip{T) (resp. Bp{V)) is a free finitely generated module over Ap 
of rank d = rankzp(T) (resp. a finite dimensional vector space over Bq^ of dimension d = dimQ^ (]/)), 
equipped with commuting semi-linear actions of </? and Tp. Note that ID)_f(T) — DQp(r) (^Aq Ap (resp. 
DpiV)^BQ^iV)®M^^Mp). 

Remark 2.1. If Foo is Galois overQp, then the action ofTp extends to an action ofGp = Gal(_Foo/Qp). 
Moreover, the action ofGp commutes with the action ofip. 

Every element a; G B can be written uniquely of the form x — X)fe»-oo p'^Nfe] with Xk G E. For an integer 
n > 0, define 

i^'" = (.TGB| lim (k + p-''vi{xk)) = +oo\ 

and let Bt'" = fit'" n B and B^" = (Bt-")^"" for any finite extension F of Qp. Also, let A^-" = {a; G 
fit." n A I k+p'"v^{xk) > for ah fc}. At'" = At-" n A and A^;" (A^'")^^. Finally, define B^ = U„B^'", 
At = U„-'^^^"> = U^I^f" and A^ = Un^F"- Exphcitly, one can describe the ring A^" for n > 
as follows (c.f. [Ber02, Proposition 1.4]): there exists Np > and irp E A^^^ whose reduction mod p is a 
uniformizer Wp of Ef. Moreover, if n > Np, then every element x G B^" can be written as J2kez '^kT^P' where 
the CLk are elements in the maximal unramified extension F' of Qp in Foo, and where the series ^2k^z ^k-^ 
is holomorphic and bounded on the annulus p^^/'^^p" ^(p^i) <| X |< 1. 

Let F be a finite extension of Qp. For V G Rcpf^^iGqJ, define B^iV) (B^^'' (g)Q^ V)"" and B^iV) = 
(Bt (g)Q^ V)"''. Note that D\,{V) = bJj {V) «)„t bJ,. The main resuh of [CC98] shows that every p-adic 
representation V of Gq^ is overconvergent, i.e. there exists r{V) > such that 

If y is a crystalline representation of Gq^, , then a stronger result is true: V is of finite hight, i.e. let 
B+ = WiA+)[p-^], B+ = B n B+ and B+^ = (B+)^«p , and define %^(y) = (B+ V)"'ip . Then 
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2.2. The Robba ring. Wc write Kj^g for tiie set of /(tt) wliere f{X) G Qp[[X]] converges everywhere 
on tlie open unit p-adic disc. In particular, t = log(l + tt) e B^t^ q . Let F be a finite extension of Qp. 
For n > 0, define p to be the completion of B^" in the Frcchet topology, and define the Robba ring 
®Hg.F = U„Brig.F- By [Bcr02, Lemme 3.13] we have 

rig,F rig.Qp F 

By [Bcr03, Proposition 1.3], we can identify B^'g q with the ring of power series 

Brig"Q, = {fi^) I /(^) e Qp{{X}} converges for p-i/p"-^(P-i) <| X\<l}. 

Note that the actions of (p and Tp extend to M'^ „ and „ . 

The most important application of Bjj^ p is Berger's comparison isomorphism: if 1^ is a crystalline rep- 
resentation of Gf, we write Dcris(^) and N{V) for the Dicudonnc module and the Wach module of V 
respectively, then there is a canonical isomorphism 

(1) i : ^Uy) ®ml Brig,F[*"'] = ^crUV) ®F." B^ig.F^'] 

which is compatible 

Ser{E/Loo) = kcr Ih'{Gs{L^),Ep^) ^ J^(L^) J . 

\ uSS / 

with the actions of Gp and (p. If 1^ is a crystalline representation of ^q^, then we indeed have a comparison 
isomorphism 

2.3. The operator tp. Note that the extension E over (/^(E) is inseparable of degree p. One can hence define 
a left inverse ip oi (p on A. Explicitly, a basis of A over iy9(A) is given by 1, 1 + tt, . . . , (1 + 7r)^'~^. For x € A, 
we may write x = Y^^Zo + where Xi € A. We set 1/1(0;) = xq. 

If F is a finite extension of Qp and V G Kcp^^{Qp) or Kcpq^{Gf); then extends to a left inverse of (f 
I}p{V). If Foo is Galois over Qp, then by Remark 2.1 we have an action of Gp on Ii)p{T) which commutes 
with if and hence with ip. 



2.4. Tate twists. Let F be a finite extension of Qp. We write x for the p-cyclotomic character of Gf- 
If m is an integer and V G Repq^iGF) (resp. T £ Rep^^ (t/i?)), we denote by V{m) (resp. T{m)) the 
fJi?-representations V Qp • (resp. T 2p • ^m) where Gf acts on e„i via x™- In particular, we have 

Bcri.(V"(TO)) = Bcri.(V") ® ^""6™, N(r(m)) = N(T) ® 7r-™e™ and N(l/(m)) = N(F) ® 7r-"e™. 

2.5. The Herr complex. Wc first review some results from p-adic Hodge theory. Let F be a finite extension 
of Qp. Let T € RePzj, (SQp ) ■ Recall the following result from [HcrfJcS] (see also [C'C'OO, §2]). Let 7 be a 
topological generator of F^?. For / = or -0, define the complex 

C}^^{l])p{T)) : ^ ©i.(r) ^ ©j.(r) ® Bf{T) BpiT) 0, 

where af{x) = {{•y - l)x, {f ~ l)x) and f3f{x,y) = (/ - l)j; - (7 - 1)?/. Denote by i?' (C^ ,.^(lD)F(T^))) the i-th 
cohomology group of the complex. 
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Theorem 2.2. Fo?' / = (^3 or ip, _ff*(C* ^(Di?(T))) is canonically isomorphic to H^{F,T). In particular, if 
(.T,y) £ Di?(T')®^ satisfies j3ip{x,y) = 0, then the corresponding cohomology class in H^{F,T) is given by the 
cocycle 

C{x,y) ■ o- ^ - ('^ - 1)^; 

where z S A T is such that {ip — l)z ~ y. 

Theorem 2.3. We have an K{T F)-equivariant isomorphism H^^{F,T) ^ Dp{Ty'f'^^ . // -Foo is Galois over 
Qp, then the isomorphism is compatible with the action of G = Gal(_F'oo/Qp). 

Proof See [CC99, Theoreme II.1.3]. □ 
From now on, we will identify H^^{F,T) with Df(F)'''=^ under the isomorphism given by Theorem 2.3. 

3. The signed Selmer groups 

Let E be an elliptic curve defined over Q, and fix a prime p > 3. In this section, we use the theory of {ip, T)- 
modules to define signed Selmer groups ScV" {E/L{fipoo)) for any number field L, when E has either good 
supersingular or good ordinary reduction at p. If E has good ordinary reduction at p, then Theorem 3.15 
shows that Sel^(F/ioo) agrees with the usual Selmer group Sel(F/Foo)- 

3.1. Good supersingular elliptic curves. Assume throughout this section that Op = 0. Let Tp{E) be 
the Tate module of F at p and write V = TpE Qp, so as a representation of G^p, V is crystalline with 
Hodge- Tate weights 0, 1. Let vi be a basis of Fil" Dcris(V^), and extend it to a basis vi, V2 of Dcris(V^) such 

^0 -l\ 
yP ■ 



that the matrix of ip on ID)cris(^) in this basis is 



Define log (1 + tt) = ni>o '^~n^ ^^'^ log^(l + tt) Yli>o ~ — jT^' which are elements of B^;^ q . Since 



p 

the Hodge- Tate weights of V are non-negative, we have 



N(r)cD„,s(V)®B+g,Q^ 

by [Bcr03, Proposition II. 2.1], and it follows form Appendice (3) in op.cit. that a basis ni,n2 of N(r) is 
given by = A/ , where 

\n2 \V2 



(2) M = 



log-(l + 7r) \ 

log+(l + 7r)y 

Let F' be a finite extension of Qp. For x G J3^p~{T)^^^ , we write 

X = xivi + X2V2 = x\ni + x'2n2 

with Xi S '^ligii and x[ S A^^. By (2), we have 

(3) xi = x\ log^(l + tt) and X2 = x'^ log^(l + tt). 

Definition 3.1. For i = 1,2, let 



SIGNED SELMER GROUPS OVER P-ADIC LIE EXTENSIONS 



7 



For n > 1, define H^{Kn,T)'' to he the image of H^^{K,Ty under the natural projection map H^^{K,T) — > 

Remark 3.2. As show m [LLZIO, §5.2.1], we have Hl^{Qp,Ty = Hl^{Qp,T) n ker(ColJ for the Coleman 
maps 

Coir. HliQp,T) A(r) 

defined in op.cit. 

Definition 3.3. Let Hj ^{Kn, Ep<=o) be the orthogonal complement of H^{Kn,Ty under the Pontryagin 
duality 

for i = 1,2. 

Wc now return to the global situation. As above, let L be a finite extension of Q. For a prime ly of L, 
denote by L^, be the completion of L at i^, and let = L,^{pp7i). Let S be the finite set of primes of Q 
containing p, all the primes where E has bad reduction and the infinite prime. Let i = 1, 2. For all v S, 
define 

rifr \ /T\ H {Lw„,n,Epoa) 

j^yi^n) - KV m (T F V 

Wn\v ■■ 

where the direct sum is taken over all primes Wn of L„ above v and Hj ,^{L^^,n, Ep^c) = Hj{L^^^n, Ep<x,) 
whenever v ^ p. We write J* (Loo) = hn^ Jl{Ln). 

Definition 3.4. For i = 1,2, define 

Scr{E/L^)=kcT (^H\GsiL^),Ep.^) ► J^(L^)^ . 

For n > 0, we also define 



ves 



Ser{E/Ln)^kei- lH\Gs{Lr^),Ep^) ► j^(L„,^) j . 

Taking direct limits then gives 

Ser{E/L^) = limSeP(£;/i„)- 

3.2. Good ordinary elliptic curves. In this section, let E be an elliptic curve defined over Q with good 
ordinary reduction at a prime p > 3. As above, let S be the finite set of primes of Q containing p, all the 
primes where E has bad reduction and the infinite prime. 

3.2.1. Coleman maps and signed Selmer groups. We first recall our construction of the signed Selmer groups 
from [LLZIO]. Let Pi,i>2 and ni,n2 be the bases of ID)ciis(l^(— 1)) and N(l/(— 1)), respectively, as defined in 
[LLZIO, §3.2]. In particular, if E denotes the formal group of E and V = TpE Qp, then vi is a basis 
vector of ICl)ciis(V'(~l)) and fii ^ vi is a basis of 1)). If M' is the change of basis matrix with 
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then M' is lower triangular, with 1 and |r on the diagonal. If a; € N(y), then there exist unique Xi,X2 G Bq 
such that X = {xifii + X2n2) ^ 7r~^ei. By (4), wc can find unique x[, x'^ € q such that 

(5) X = {x\v\ '\' x'2V2) ® e\ 

with x'2 = X2. If P denotes the matrix of ip with respect to the basis ni,n2, then P is upper-triangular. Let 
a be the unit root of the polynomial — UpX + p, then P is in fact of the form 



P 



a ★ ' 
uq. 



for some u € (Bq )^ which is congruent to a ^ mod tt. 

In [LLZIO], we have defined two pairs of Coleman maps (with respect to the chosen basis), 

Col, : NiV f=' ^ (B$J'^=°, and 

Col,:N(F)^=i — AQ^(r) 

for z = 1,2 with the following properties: for x G N(T^)'''^^, write x = {xifii + X2n2) ® Ti~^ei where 
xi,X2 € Bq^ . Then 

(6) (1 - ip){x) = (coli(a;) Col2(a;)) M {^^^ ® r^ei 

(7) = (Coh ix) Col2(a;)) • [(1 + T")^] \ -]® 



where M = ^P^(M')"^- 



Definition 3.5. Let H\Qp^n,Ty be the image of ker(Col-) n NfD'^'^^ under the natural maps N{T)'f'=^ 
Hi^{Qp,T) — > H^{Qp^n,T) and write Hj ^{Qp^n, Ep'=^) for the exact annihilator of H^{Qp^n,Ty under the 
Tate pairing. 

If E is defined over Q, we can then define the signed Selmer groups SeP(_B/Q(/Xpoo)) analogously to the 
construction when E is supersingular at p. 



Definition 3.6. Define 



SonE/Q{f,p.)) = ker (so\{E/qM) ^ !!',f'^l'''"Yr\ 

\ ^f.i{'iip[tlp"),Epa^^ 



where Se\{E /Q{p,pn)) denotes the usual Selmer group and we define Sel'(i?/Q(yUpoo)) to be the direct limit of 
Ser{E/QM). 

Wc now show that on choosing an appropriate basis, we can describe kerf CoU ) in a manner similar to 
the good supersingular case (c.f. Remark 3.2). 

Lemma 3.7. We can choose fi2 such that u = . 
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Proof. If we let n[ — ni and n2 — vn2 where v G (Bq then n'i,n'2 is also a basis of N(y(— 1)). The 
matrix of ip with respect to this basis is of the form 



P' = 



a * 1 

v''^(p{v)uq I 

Note that au = 1 mod tt implies that ip^^{au) — > 1 as n — > oo. In particular, the product rin>o '''"('^") 
converges to an element u' G (Bq )^ . Since u'tp{u')^^ = au, we deduce that P' is of the required form if we 
take V = u'. □ 

Lemma 3.8. With respect to the basis given by Lemma 3.7, 

kerf Col o) = |a; e N{V)^^^\ip{x2) = ax2 where x = {xifii + X2n2) ® TT~^ei with Xi € Bq^| . 

Proof. By (6), we have Col2(a;) = ax2 — (p{x2). Moreover, M is lower triangular with a-^ and a^^ on the 
diagonal. Therefore, kerf Col o) = ker(Col2) and we are done. □ 

Corollary 3.9. With respect to the basis given by Lemma 3.7, 

kerf Col g) = ja; € N(y)'^^^\(p{x2) = ax2 where x — {xiDi + X2V2) 'Sit~^ei with Xi S B+g | . 

Proof. This follows from Lemma 3.8 and (5). □ 

Let L be a finite extension of Q, and let Loo = L{fip<yc). Using Corollary 3.9, we define Sel^(£'/Loo) 
as follows. Let u he sl prime of L above p. If a; e (T)'^=i the n we can use Bergcr's comparison 
isomorphism (1) we can write x = {xiui + ® t~^ei with x; G ^l[g as in the supersingular case. 

Define 

Hl{L,,Tf = {x e ©L„(T)'^=i|^(x2) = ax2} 

and H^{L^^n, T)"^ is defined to be the projection of H^^{L„, T)'^ in _ff^(L^,„, T). Let Hj ^{Lu.n, Ep^) be the 
exact annihilator of H^^{L,y,T)^ . 

Definition 3.10. For all v E S, define 

Jy{l^n) - KJP TTl (T p V 

Wn\v ■/ '"^ 

where the direct sum is taken over all primes Wn of Ln above v. Here, Hj 2{Lwn,n, Ep^) ~ Hj{Lw^^,n^ Ep^a) 
whenever v\p. Define Jf^Loo) — Ym^J^\Ln)- Define 

Se\\E/L^) = kcr I H^GsiL^), Epo.) -^^J^{L^) \ . 

3.2.2. Properties ofSc\^{E/Loa)- Let us now study the group Hl,^{Ly, T)^ a bit further. To simplify notation, 
let K = Ly. 

Lemma 3.11. Let a € , and assume that a is not a root of unity. If x G B^^ ^ satisfies 
(8) ax — (p{x) ~ 

then a; = 0. 
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Proof. If X e ^rig Q ' then we can substitute tt = e* — 1 to write x of the form X])i>o "^n^" with c„ G Qp. 
Since = pt, it is clear from this description that for any a ^ 1 and x ^ 0, we have (p{x) ^ ax. 

Let x G B^g Q — B^g Q . Assume that there exists ?i > be such that x £ ^ligQ and x ^ ^iQ'q' ■ Then 
(fix) e MIQ^I - ®dg,Qp' so (^(x) 7^ aa;. 

If a; g ^ligQp for all n > and a; ^ B^t^ then (^"-^(x) converges in M^^, so if we write x = /(tt), then 
/(T) does not have a pole at e^^) - 1. But /(T) has a pole at T = as x ^ ^^rig.Q^^ so /((T + 1)p - l) has 
poles at the {(e'^-')* — 1 : < i < p}. Hence ip{x) ^ ax. 

Assume now that x £ bJ^j^ ^ satisfies (y5(x) = ax, and that x ^ B^^ q . On replacing K by its Galois 
closure, if necessary, we may assume that K/Qp, and hence Koo/Qp.oo, arc Galois. Let H = Gal(A'oo/ 
Qp,oo)- Since ip is _ff-equivariant, cr(x) also satisfies (8) for all a £ H. More generally, ii ai, . . . , ai £ H , then 
y = cri(x2) . . . <Ji{x2) satisfies a'y — (p{y). The coefficients of the polynomial 

are elements in bJ^j^ q which satisfy an equation of the form (8), so they must all be zero by the above 
argument. But the minimal polynomial of x over B^^ ^ divides f{Y), which gives a contradiction. □ 

Remark 3.12. The unit root a of the polynomial X"^ — apX +p is a Weil number of complex absolute value 
y/p, so it cannot be a root of unity. 

Proposition 3.13. Let x £ {V)'^^^ , and write x = (xi^i + X2i'2) ® t~-^ei with Xi £ Bjjg q . Then 
X £ Hl^{Ki,,T)'^ if and only if X2 — 0. 

Proof. Immediate from Lemma 3.11 and Remark 3.12. □ 
Corollary 3.14. x £ Hl^{K,Tf if and only if x £ 0^(7')''^=^ 

Proof. It follows immediately from the comparison isomorphism and the fact that Di = fii that any x £ 
Dif (T)'^~^ which satisfies i(x) = xivi® t~^ei must indeed lie 

We can now conclude this section with the following theorem. 

Theorem 3.15. We have Sel{E/Loo) = Sel^(£;/Loo). 

Proof. Since L/Q is finite and E had good ordinary reduction at p, we have V^'^" = for all primes v oi L 
above p. This implies that 

Hl{L,, f) Qp = limi7i(L,,„, T) Qp 

by [PROO, Proposition 0.1] (or [Bcr05, Theorem A]). But H]{L^^n,T) = i?i(Lj,,„,T) by [BK90, (3.11.2)]), 
we have 

HUL.,f) Qp = limff)(L,,„,T) Qp. 

It is clear that the quotients Dk{T)'('='^ /BK{f)'('='^ and H^{L^^n,T)/ Hj{L^^n,T) are torsion-frec over Zp. 
We can therefore deduce that 

HUL,,f) = \imH}{L,^„,T). 
On taking Pontryagin duals, we have J^(Loo) = Jv{Loo), which finishes the proof. □ 
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4. An alternative definition of the signed Selmer groups 

Let E be an elliptic curve defined over Q with good supersingular reduction at a prime p > 3 such that 
flp = 0, and let L be a finite extension of Q. The main result of this section is Proposition 4.18 below, 
which shows that the local conditions at the primes above p in the definition of the signed Selmer groups 
SeV" (E/ Loo) using some "jumping conditions" similar to those introduced in [Kob03]. 

4.1. Preliminary results on B^. Let K be a finite extension of Qp, and let K' be the maximal unramified 
extension of Qp contained in Koo- It is easy to see from the description of the ring given in Section 2.1 
that it is complete in the p-adic topology. 

Lemma 4.1. For all n > Nk, A|^" is the p-adic completion o/ O^' I'^'-ff] [""a'^I ^ ^l<^ ■ 

Proof. Note that the condition that X^feez o^kX^ is holomorphic and bounded above by 1 on the annulus 
p-i/e/fP"-'(p-i) <| X |< 1 is equivalent to the condition that 

Vpiak) H -, -TT r > and — > +oo as fc — > — oo. 

eK{P - l)p"-^ 

□ 

Lemma 4.2. Let x G A\^^ where N > Nk- If 6 o ip~^{x) = for infinitely many n> N, then x = 0. 
Proof. Firstly, we assume that x G Ox' I^i^l [""k^I- We write a for the Frobenious in Gal(A''/Qp). Let 

rn > — r 

such that F{7Tk) ~ x. For z = 1, . . . , [A'' : Qp], write 

F,{X)= J2 

m> — r 

Then 6o(p^'^{x) = -Fi(7r„), where i + n = mod [K' : Qp] and 7r„ = 6oip^"-{ttk). Therefore, there exists an 
i such that Fi has infinitely many zeros. But Fi E X^^'Ok'IX], so Fi — by the Wcierstrass preparation 
theorem. This implies that 6,„ = for all m, so a; = 0. 

To conclude, note that if n > N, {x £ A\f^ : 9 o ip^"[x) = 0} is a closed set of A\f^ under the p-adic 
topology and AJ^^ is the p-adic completion of Oa" [""^f 1 [""/f^l ^ ^^k^ by Lemma 4.1. □ 

Lemma 4.3. Let and x £ B]^", then 

TrK„/A„_i °S o =0o If-" o TrB/^(B)(a;). 

Proof. We let n be an integer such that [Kn ■ Kn-i] = P and n > a{K) + 1 where a{K) is the integer as in 
[CC99, Proposition IIL2.1]. Write 

p-i 

x = J2^eY^{x^) 



i=0 



where Xj £ B|^" ^. Then, 



o^-"+^(x,)eif„_i 
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for all i. Therefore, 



/p-i N 



\i=0 



But we have ^'^^ j ip{^)(x) = pip{xo), which finishes the proof. □ 

4.2. The local conditions. Write D|^(T) for the overconvergent (1^9, r)-module of T over K. It is clear 
from the definition that 

SO in particular the basis ni, n2 of N(T) given in Section 3.1 is a basis of D^,(T) over A^. 

As shown in [CC99, Proposition III.3.2], we have ]D)J^(r)'>=i C (T) for N > N{K, V). Fix such an 
N; note that it is not uniquely defined. Let x E dI^{T)^^^ . Then as in Section 3.1, we can write 

X — xiVi + X2V2 ~ x'lni + X2n2 

with x^ e fit;^^, and x'^ e Mlf for i = 1, 2. 

Lemma 4.4. Let x e ©]^(T)'''=i, then 

ttk„/k„., oO o f-"{xi) - -e o ^^-"(xi) 

for all odd integers n > N + 2 and 

TrK„/K„^, oO o (^-"(2-2) = -e o ^^-"{X2) 

for all even integers n > N + 2. 

Proof. By definitions, we have ip{log'^{l + tt)) = | log^(l + tt) and <^(log^(l + tt)) = log^(l + tt), and that 
similar relations hold when replacing by ip. The relations (3) therefore imply that 

(9) ^{xi)+p^{xi) = {ipix[)+ij{qx[))log+il+TT); 

(10) ^ix2)+p^ix2) = (^(.T'2) + #(x^))p/glog-(l + ^). 

If n > 2 is an even integer, then 6 o ip~'" (log^(l + tt)) = 0. Therefore, (9) implies that 

o + 0O {p(p o ^{xi)) = 0. 

Recall that ptp o = TrB/;^(B)j so Lemma 4.3 implies the first part of the lemma. Similarly, the second half 
the lemma follows from (10) and the fact that 

6io<^-"(p/glog-(l + 7r)) =0 

for all odd integers n > 3. □ 

Proposition 4.5. Let x G D^(r)'''=\ then x e Hl„{K,Ty if and only if 

Tr;f„/K„_i 06 o ^-"(z,) = -6 o ^2-"(xO 

for alln>N + 2. 
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Proof. U xe Hl^{K,T)\ then 

ip^{xi) = -p(po^{xi) = -TrB/^(B)(xi)- 
On applying 9 o (^~" to both sides, we have by Lemma 4.3 that 

„2-n 



as required. 

Conversely, we assume that 



for all n > N + 2. Then 9 o (p~"' [(p(xi) + p^(xi)) = by Lemma 4.3. Our assumption implies that 
ip{x[) + ^{qx'i) = for i = 1 and ip{x'2) + qt/j{x2) = for j = 2 by Lemma 4.2 and the equations (9) and 
(10). Therefore, we have x £ H^^{K,Ty as required. □ 

Remark 4.6. By Lemma 4-4! W6 can rewrite Proposition 4-5 as follows: 
HI^{K,TY = |x e D^(r)'^=i : Tr^„/K„_i o9 o ^^""(.ti) ^ -9 o tp^-'^ixi) for all even n>N + 2^- 
Hl^(K,Tf = |a- e D^(T)'''=i : TrK„/K„_i o9oip-'^(x2) ^ -9 o ip^~'\x2) for all odd n > N + 2^ 
We can now describe H^^{K,T)^ as follows. 

Corollary 4.7. We have 

Hl^{K, Tf = {xe DA'(r)'^=i : exp^^^ °h\^^^{x) € K„^i ■ vi for all odd n > N + l} , 
HliK, T f = {x e OK{T f=^ : exp^,^ oh\^^^{x) G i^„_i • vi for all even n>N + l). 

Proof. By [CC99, Theoreme IV.2.1], 
for all n > A^. Since 

dv o (^-"(x) = 9 o (p-"(xi)^-"(wi) + o (p-"(x2)(p-"(w2) 
and the image of cxpj^^ lies in Kn ® Fil°Dcris(^), it follows that 

(-l)™p-"6l o Lp-^'''\xi)vi \in = 2m > iV, 

(-1)'>-™6I O ^-(2m+l)(-2;2)t;i if 71 = 2m + 1 > . 



Extend the trace map Tt::k„/k„^i to the map Trx„/_fs-„_i oid on JC„ Dcris(^)- Then, .x e H^^{K,T)^ if 
and only if 

Trif„/if„_, o exp^f^ o/iiw.nla--) P^^ ^^Pk„-2 °^w,n-2(^) 
for all even n> N + 2. But 

TrK„^/A'„,_i ocxpjf^^ = expA„_i ocorA^^/A'„._i 
for all m > 0, so we deduce that x G Hl^{K, T)^ if and only if 

exPK„_i °/iiw,«-i(2;) = P^^ TrK„_i/K„_2 oexpJf^^_^ o/iiw,n-i(2^) 
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for all even n > N — 2. □ 

As a important consequence, we can characterise H^^{K, Ty completely in terms of the conditions on the 
finite levels: 

Corollary 4.8. For i e {1, 2} and n> N + 1, define 

Hl,{Kn,Tf^ ^{xe H\IU,T) : TrK„/if„ o exp^^ Jx) e A„_i • for all m € . 
where ^ is given by 

Sn,i = {"1 e [N + l,n] : m odd} , 
•^N 2 — {"^ Cz [N + l,n\ : m even } . 
Then HliK,Ty = ^i/i,(^„,T)«. 

Proof. Immediate from Corollary 4.7. □ 

Notation. Let F be a finite extension of Qp. For an integer n > 1, we write i^i"-* = ker(Tr^^/^^_ J. 
Then we have 



(11) F„=F(S^F, 
Lemma 4.9. Let n > N + 1 be an integer, then 



1=1 



Hl,{K„,Tf^ = (exp^^J '\Kn(B K^^^ ■ vi 



where {i'} = {l,2}\{i}. 



Proof. Let a; G A'„. By definition, the projection of x under (11) into A'm'' is zero if and only if Tr^^^Xm ^ ^ 
Kjn-i. Hence the result. □ 

From now on, we make the following assumption. 

Assumption 4.10. E{Koo) has no p-torsion. 

Note that this is satisfied for example when [K : Qp] is a power of p. 

Remark 4.11. Assumption 4. 10 implies that the natural map H^{Kn,T) «- H^{Kn,V) is infective for 

all n > 0. In particular, we may embed H^{K„,T) into H^{Kn,V) and consider the former as a lattice 
inside the latter. 



Proposition 4.12. Let iJj ^^^(A'„, T) be the exact annihilator 0/ iJ^ ( Ar„ , T) under the Tate pairing. 
Then 

i?)_^_(,)(if„, T) = H\Kr„T) n exp^„ K^^^ ® B^^V) 
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Proof. By Lemma 4.9, we have 

(12) iJ).^_(i)(if„,T) = I {exp*j,J-' Ik^O . V, 
where (*)''"■'' denotes the exact annihilator of ★ under the pahing [~,~^]. But 

where (^,^) is the pairing 

(~,~> : (A"„®Bcri.("t^)) X (i^„®Deris(y)) 

Therefore, 

(13) X e (^{cxp*j(J~^ (-k ■ vi)J " if and only if x € expj^^ [{*)-^ ^BcnsiV)) 

where (*)^ denotes the orthogonal complement of * under the pairing 

K„ X Kn Qp 

{x,y)^ Tr^^/Q^xy). 

By linear algebra, we have 

' K^® = i^i"^. 

Hence the result on combining (12) with (13). □ 
Recall that the exponential map exp^^ gives an isomorphism 

exp;^,^ :i^„«)Deris(l^)/Fil°I])eris(l^) Hj{Kn,V). 

We write exp]^^ for its inverse. 

By (11), we may define a projection map 

PJ^y.K^^K^O 

We can then rewrite Proposition 4.12 as follows. 
Corollary 4.13. For i = 1,2, we have 

H],na4K„,T) = {x e H}{K„,T) : {PJ^^^ ® id) o exp^^^ (x) = 0} . 

Proof. Note that 

k^=(k^® 

Therefore, 

(P;j_,(8id)oexp-i(x) = if and only if exp-i(a;)e Xi'^J ®D„,,iV)/FifB,,is{V). 
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□ 



Recall that we have a commutative diagram 



tan(£;/A'„) < log^(OK„) E{OkJ ^ MOkJ ® Qp 



where 5 is the Kummer map. If we identify the image of E{OKn) under 5 with Hj{Kn,T), we have: 
Corollary 4.14. Fori G {1,2}, the image of Hj f^^^{Kn,T) inside E{Ok^) coincides with 

En{OkJ ■■= {x e E{OkJ ■■ TrK„/if„ x £ E{Ok^_,) for all m € S^^,, and T^k^/k^ x^q] 
= [xeE{OK^):P^^,o\og^{x)=Q]. 
Proof. By the comutative diagram above and Proposition 4.12, we have 

J(x)ei/)^^_(,)(X„,r) if and only if io\og^{x)£ if ® Deris (1^)/ Fil° DcHsCI^). 

Since log^ is injective (by Assumption 4.10) and compatible with the trace maps, we are done. □ 

4.3. Signed Selmer groups revisited. We now return to the global situation as set up at the beginning 
of Section 4. Throughout this section, we continue to assume that Assumption 4.10 holds at all the primes 
of L above p. We define the signed Selmer groups of E over L^o using the "jumping conditions" we obtained 
in the previous section. 

Definition 4.15. Let L be a number field and N is an integer such that N > N{Lm, V) for all primes wof 
L above p. For i = 1,2, we define the Selmer groups 



Se\^^\E/L„) = ker Sel(£;/L„) 



for n > N + I. Moreover, we define 



Sel«(£;/L^) = hn^i Sef (i?/L„) = ker f Sel(i?/i^) _ '^"^""^ f ^ I 



uj\p 



n>N+l 

where E]^{Ol^ J = Inn E}^{Ol„_^^^ J- 

Lemma 4.16. Let K be a finite extension of Qp and n > N(K, V). For i = 1,2, the exact annihilator of 
H^{Kn,T)^^^ under the Pontryagin duality 

h,H : H\K^,T) X H\Kn,Ep^) ^ Qp/Zp 

is isomorphic to Hj ^ ^ -^(/\„, T) (Ki Q_p/Zp for i = 1,2. 
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Proof. This essentially follows from [Kob03, proofs of Lemma 8.17 and Proposition 8.18]. By definition, we 
have an exact sequence 







Hlj{K^,Tf^ H\Kn,T) Hom 



On taking Pontryagin duals, we obtain a second exact sequence 

Therefore, it remains to show that the first map above is injective. But [px, y\ = p[x, y\ for all x,y € 
H^{Kn,T). This implies that if a; S H^{Kn,T) such that S Hjj^j^^^{Kn,T), then a; € Hjj^^^^^{Kn,T). □ 

Corollary 4.17. Let K he a finite extension ofQp and n > N(K, V). For i = 1,2, the exact annihilator of 
H^{Kn, T)*^*-* under the Pontryagin duality is isomorphic to E]^{Ok„) ® Qpf^p for i ~ 1,2. 

Proof. This follows immediately from Corollary 4.14 and Lemma 4.16. □ 

Proposition 4.18. The two definitions of signed Selmer groups coincide, namely. 



for i = 1,2. 



Proof. It suffices to show that for any finite extensions K of Qp , we have 

^ H}/Kn,Ep^) - ^-^^^ P^{OkJ^Qp/Zp 
where N > N{K, V). On taking Pontryagin duals, this is equivalent to showing 

by Corollary 4.17. Therefore, we are done by Corollary 4.8. □ 

5. The SUPERSINGULAR 9}t/f(G')-CONJECTURE 

Throughout this section, we assume that E is an elliptic curve over Q with good supersingular reduction 
at a prime p > 3 and Up = 0. Let Loo be a p-adic Lie extension of Q containing Q(//p°=), so G = Gal(Loo/ 
Q) is a compact p-adic Lie group of finite rank. Let LL = Gal{Loo/Q{fJ-p°°))- Choose a sequence of finite 
extensions i„i of (Q such that Loo = limL,„ and i^'' ~ Lm{^.p^) is Galois over Q for all m > 0. Recall 
that for i ~ 1,2, we have defined ScV (E / l'^cS^ ) in Section 3.1. This allows to make the following definition. 



Definition 5.1. For i ^ 1,2, we define ScV{E/Loo) := lii^„^ ScV (E/lI^^) for ==1,2 and 

X,{E/Loo) = Homet. {ScV{E/Loo),Qp/^p) ■ 

Definition 5.2. Denote by (G) the category of finitely generated A{G)-modules M for which M/M{p) 
is finitely generated over A(if). Here M{p) denotes the p-torsion part of M . 

The 9Jl//(G)-conjecture in [CFK+05] states that the Pontryagin dual of the Selmer group of E over Loo is 
an clement of 9Hh (G) if E has good ordinary reduction at p. We therefore analogously propose the following 
conjecture. 



write 
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Conjecture 5.3. Let E be an elliptic curve over Q with good supersingular reduction at p and a^ — 0. 
Let Loo be a p-adic Lie extension of Q containing (Q)(/ip=e). Define the Galois groups G ~ Gal(Loo/Q) and 
H = Gal(Loo/Q(Aip))- Then X,{E/Loo) e ^^(G) for ^ = 1,2. 

6. Difficulties 

To simplify the notation, let Qoo = Q(Mp°°)- In order to support Conjecture 5.3, we tried to prove the 
foUowing resuh: 

Conjecture 6.1. Let E be an elliptic curve over Q with good supersingular reduction at p and Op ~ 0. Let 
Loo be a p-adic Lie extension of Q containing Q(/ipo= ), and let H = Gal(Loo/Q(Mp=°))- Assume also that 
E(Ly oo) has no p-torsion for any prime v of L above p. Then for i = 1,2, the kernel and cokernel of the 
restriction map 

Scr(S/Qoo) ScViE/Loo)" 

are cofinitely generated Zp-modules. 

Recall that ScP(£'/Qoo) is A(r)-cotorsion ([Kob03, Theorem 1.2]). Assume H is pro-p, and that Conjec- 
ture 6.1 holds. If ScV'{E/Qoo) is a cofinitely generated Zp-module, which is equivalent to the vanishing of 
the ^-invariant of Xi{E/ /Qoo) as conjectured in [KobOS, §10], then we can apply Nakayama's lemma (c.f. 
for example [CHOI, Theorem 2.6]) to deduce that Xi[E/Loo) is finitely generated over A{H). 

In this section, we will explain some of the difficulties that we encountered when trying to prove Conjec- 
ture 6.1 when Loo is a finite extension of Qoo- We first establish a preliminary result (Corollary 6.3), which 
allows us to study a fundamental diagram (see the beginning of Section 6.2) analogous to the ordinary case. 

6.1. Analysis of Poitou-Tate exact sequences. Write Sf for the set of finite places of S and let /* be 

as defined in Section 3.1. By [PR95, §A.3], there are two exact sequences 

(14) 0^ Scr(i?/Q(Mp„)) ► H\Gs{QM),Ep^) . J^QM) HliQ,Ty ^ ••• 

veSf 

(15) O^Hl{Q{^ip.),T)J^ H\GsiQM),Ep^)^ /;(q(^^„)) .... 



veSf 



where {Q{^ipr.),T) is defined by 



ker(iJi(Q(/ip„),r) . U^viQM)) 

veSf 

and denotes the Pontryagin dual of AI. 
Lemma 6.2. The natural map 

H^Gs{Qoo),Ep^) J:(Qoo) 



veSf 



is surjective. 

Proof. On taking inverse limit, we have 

mM) 



veSf 



HUQp,Ty 
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and lim g„ is injective by [Kob03, Theorem 7.3]. Therefore, on taking inverse limit in (15), we have 

n 

n 

which inipHes that \unHl{Q{fipn)^T)'^ — 0. Therefore, on takmg direct hmit in (14), we have an exact 

n 

sequence 

. SeP(£;/(Qoo) H\Gs{Qo.),Ep^) ^ J^Q^) ^ 

veSf 

and we are done. □ 



Corollary 6.3. The natural map 
is surjective. 



Proof. This follows as J*(Qoo) = for p 7^ 2 if u is an infinite prime. □ 



6.2. The fundamental diagram. We attempted to prove Conjecture 6.1 by studying the following com- 
mutative diagram, which we call the fundamental diagram. 



Ser(£;/Lc 



ves 
7 = ilv) 







Sep 



H\Gs{Qoo,Ep^) ► J:(Qoo) 







where the Jl are as defined in Section 3.1. Applying the snake lemma gives a long exact sequence 

>- ker(a) ker(/3) ker(7) coker(a) >- coker(/3). 

In order to prove Conjecture 6.1, it is therefore sufficient to show that the kernel and cokernel of the map 
/? and the kernel of 7 are cofinitely generated Zp-modules. The results for (3 and for 71,, v \ p, are easy 
consequences of the inflation-restriction exact sequences (c.f. [C'SOO]). 

The main difficulty is the study of the kernel of the local restriction map 7u when v \ p. Let K be 
the completion of L at such a prime, and write H for the Galois group Gal{Koo/Qp.oo)- In order to prove 
Conjecture 6.1, we may use the local conditions from Section 4 and attempt to show that the kernel of the 
map 



,Ep<^) 



EI^{Koo, Ep<> 



E'NiOQ^,J(g>Qp/Zp 



EU<^kJ®Qp/^p^ 
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is a cofinitely generated Zp-module. Consider the following commutative diagram: 



£p,oo 







{eUOkJ^^Qp/^p)'' ^ {HHKoo,E,^)f I H (K^,E,^) \ 



\E}^iOK^)®Qp/ZpJ 

where the vertical maps are restrictions. The the first two maps are injective by Assumption 4.fO. By the 
snake lemma, the kernel of the third map is bounded by the cokernel of the first, so it is sufficient to show 
that the cokernel of the restriction map 

is a cofinitely generated Zp-module. By taking "H-cohomology of the short exact sequence 

E),{OkJ >■ E'^{OkJ ® Qp E),{OkJ ® ^pl'lp " 0, 

we may reduce the validity of Conjecture 6.f to the following conjecture. 

Conjecture 6.4. The cohomological group ['H,E]^{Ok^)] is a cofinitely generated "Lp-module. 



Note that it is shown in [C'G96, Theorem 3.1] that {t-L,E{Ok^)^ = 0. It therefore might be possible 
to prove Conjecture 6.4 by showing that an exact sequence similar to [Kob03, (8.22)] holds, e.g., to give a 
bound on the cokernel of the last map of 

— E{Ok^) E],{OkJ®EI{OkJ ^^y^""-' , E{OkJ. 

Unfortunately, this does not seem to be straightforward as far as we can see. 
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